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O : ABSTRACT 

(N 

^. We investigate solitonic black hole solutions in three dimensional noncommutative space- 



< 



time. We do this in gravity with negative cosmological constant coupled to a scalar field. 
Noncommutativity is realized with the Moyal product which is expanded up to first order in 
the noncommutativity parameter in two spatial directions. With numerical simulation we 
study the effect of noncommutativity by increasing the value of the noncommutativity pa- 
^ . rameter starting from commutative solutions. We find that even a regular soliton solution in 



^ 



the commutative case becomes a black hole solution when the noncommutativity parameter 



^ ■ reaches a certain value. 
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Many candidate theories for quantum gravity, such as string theory and loop quantum 
gravity, suggest that spacetime may not be commutative at sufficiently high energy scales [H 
[2]. Meanwhile, black holes in the early universe have been observed recently P|H]. Since the 
energy density of the early universe was very high, it would be interesting to know the effect 
of noncommutativity on the formation of a black hole. Black holes in three dimensional 
spacetime have been extensively studied. One of the reasons is that gravity models in three 
dimensions are relatively easier to treat than models in four spacetime dimensions. The 
finding of the BTZ black hole solution [5] has raised a lot of interest in the subject. 

In [B] , the global vortex solution was studied by considering gravity with negative cosmo- 
logical constant coupled to a complex scalar field in three dimensional commutative space- 
time. There, the model Lagrangian with a global f/(l) symmetry was given by 



S = d^Xy/^ 



1 ,„ ... 1 „.,„ .„ , A 



j^^^iR + 2A) + ^g'"'d,<pd,<p - ^(00 - v'f 



(1) 



where 0(x) is a complex scalar field. The obtained solution was a cylindrically symmetric 
global U(l) vortex solution which smoothly connects the false vacuum at the origin to the 
true vacuum at spatial infinity. Depending upon the ratio of the cosmological constant to 
the Plank scale, the model supports a spacetime with a regular soliton or a charged black 
hole. 

In this paper, we investigate the effect of noncommutativity on the above model and 
want to see whether global vortex solutions with black hole configuration are allowed in the 
noncommutative case. For this purpose we use the same Lagrangian as in ([T]) except for the 
Moyal product between the field variables. For computational purpose, here we use the triad 
and spin connection instead of the metric as in [7]. Since it is hard to obtain an analytic 
solution even in the commutative case [6j, our approach to find the solution is basically 
numerical. Our analysis is performed up to ffist order in the noncommutativity parameter. 

In this paper we work with the noncommutative polar coordinates (t, f, 0) defined by the 
following commutation relation 

[p, if] = 2i9, otherwise, (2) 



where p = f"^. One reason for using the above commutation relation is that rotational sym- 
metry is more apparent in the polar coordinates than in the Cartesian coordinates. Another 
quite important reason is that the above commutation relation is physically equivalent to 
that of the canonical noncommutivity, [x, y] = i6, up to first order in the nonocmmutativity 
parameter ^ [7]. A would-be usual commutation relation for the noncommutative polar co- 
ordinates, [f, 0] = i9, is not equivalent to the canonical noncommutivity, [x, y] = i6, even in 
the first order of ^ [7] . 

By the Weyl-Moyal correspondence [S], the physics in the noncommutative spacetime 
can be described by the physics in the commutative spacetime with the Moyal product. The 
Moyal product corresponding to the commutation relation ([2]) is given by 






(3) 



Since the pure gravity action with negative cosmological constant can be written as the 
Chern-Simons action [?JJ, the first two terms of the action ([T]) can be rewritten in terms of 
the triad e" and the spin connection uj"'{a = 0, 1,2). Then the noncommutative version of 
the action ([T]) can be written as 

S = ^^ / (ea AR'' + ^e'^^^e, A e, A e,") + /" d'x e ^ £[0], (4) 

where e is the determinant of e" and R'^ is the curvature 2-form, i?" = duj'^ + ^e u^ A Wc, 
and the Lagrangian £[0] for the scalar field is given by 

We define the noncommutative metric as 

9,u = \riab{el^el + el^el) (6) 



such that it is real and symmetric. The equations of motion are as follows: 
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e'^'^''6,,4e> e^ ^ £[0] + e^ ^ £[</)] ^ e^ + £[0] ^ e> e^: 
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e[f * e^ 7^ dy<\) -ke-k dpcj) ^t e^ + e^ ^t duCJ) -^e-k dpcj) -ke^-ke^^ 



f" = de" + -t^^^oj^, A e, + Cfo A w,) = 0, 

d^{g'"' i^ d,y(j) ^ e + e i^ d,y(j) ^ g'"') = Xcj) ^ {} ^ (j) i^ e + e ^ } ^ (j) - 2v^e). 



(7) 
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In the commutative limit, 6* — )■ 0, the equations ©-([Q]) reduce to the commutative ones [TOllG] 

as expected. 

In the commutative case, a static and rotationally symmetric metric can be put into the 

following form [6]: 

rfs2 ^ _e''^ir) B(r)dt^ + 4^ + r'd^'. (10) 

B[rj 

The triad and spin connection corresponding to this line element are given by [10] 

e° = c^Vb dt, e^ = —^dr, e^ = rdup 

y/B 



u 



d 



-y/Bdif, u^ = 0, u^ = -\^Y (^^^) ^^ 



In terms of A, B, and 0, where = |0|(r)e™'^, the commutative equations of motion reduced 
from dZ])-© are given by 



A' = 87^G'^r(|0r)^ 
5' = 2|A|r - 87rG^r 



i?(l0r)' + ^l0P + ^''^'' -''' 



./ B' 1\ .^,, 1 [n 



+ K\^?-v') 



(11) 



and these are exactly the same equations that appeared in [6]. 

In line with the Weyl-Moyal correspondence and taking a hint from the commutative met- 
ric (llOp. we now make an ansatz for the noncommutative metric in the {t,p,ip) coordinates 




Figure 1: The noncoininutative vortex solutions with A^, = 0.1 and G^ = 1-33 are plotted 
for the scalar field 101/"^. The dashed line is for the case oi 6 = 0. The thin and thick solid 
lines are for the cases oi 6 = 0.1, 0.15, respectively. 



which satisfy the commutation relation ([2]) as follows: 



df = -e'^(p)B{p)dt' + 



ApB{p) 



p d^p^ 



(12) 



A noncommutative triad for the above metric compatible with the definition of the metric 
(El) can be chosen as 



6° = e^(^\/5(p)rft, e^ 



dp 



4p5(p) 



^/pd(p. 



(13) 



With the above choice of the triad, the noncommutative spin connection can be determined 
from the noncommutative torsion free condition (IHl): 



OJ" = -\/B{p)dip, u^ = 0, w^ = -JApB{p)— e^(^VE(p) dt. 



d_ 
dp 



(14) 



Now we expand the metric functions A, B, and the scalar field for static global vortices 
with vorticity n in terms of 6 up to first order as follows. 

e^^^p^B{p) = e''^^P^B{p)+e F{p) + 0{e^), 

B{p) = B{p) + eG{p) + o{e'), 

0(p,^) = (0(p)+^$(p))e^"^ + O(^2). 



With the following redefinitions of functions, 

i(p)^A(r), Bip)^Bir), <^(p) ^ |</,|(r), 
F{p) ^ Fir), G{p) ^ G{r), <l(p) = $(r), 

and from ([Zjj-Q, we get the original commutative equations (11 II) in the zeroth order of 9, 
and the following three equations for -F(r), G(r), $(r) in the first order of 9: 

ai{r)F{r) + a2{r)F'{r) + a3(r)G(r) + a4(r)G"(r) 
+ a5(r)$(r) + aQ{r)^'{r) + aj{r)^"{r) + as^r) = 0, 
bi{r)G{r) + b2{r)G'{r) + bs{r)^{r) + 64(r)<l>'(r) + b^ir) = 0, 
Ci(r)F(r) + C2(r)F'(r) + C3(r)G(r) + C4(r)<l>(r) + C5(r)$'(r) + CQ{r) = 0. (15) 

All the coefficients in these equations are functions of the known commutative solution, |0|, 
A and B, and are given in the appendix. 

The numerical analysis was performed up to first order in the noncommutativity param- 
eter 9 for the vorticity n = 1. The cosmological constant, the Newton constant, and the 
radial coordinate are scaled to A^ = |A|/Af^, Gy = SttGnv'^, and vXvr, respectively. In 
order to solve (IT^ we impose the Dirichlet condition at the origin for F and G which is 




Figure 2: The solutions for noncommutative metric are plotted for B at values A^, = 0.088 
and Gy = 1.33. The dashed line is for the case of 6' = 0. The thin and thick solid lines are 
for the cases of ^ = 0.057, 0.2, respectively. We note that there is a fine split at r = 0. 
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Figure 3: The noncommutative black hole solutions with G^ = 1.33 are plotted for B. The 
dashed and thin solid lines are for the cases of A„ = 0.087, 0.08, respectively, at 6* = 0. The 
thick solid line is for the case of A^ = 0.08 at 6 = 0.2. 

compatible with the boundary condition for $(r) 

$(0) = $(oo) = 0. 



The effects of turning on 6 on the global vortex solutions is shown in Fig. [H This shows 
that the scalar field concentrates inwards as 6 grows. The gradient of the scalar field around 
r = becomes steeper. In Fig. [21 the metric function 13 corresponding to the global vortices 
in Fig. [T] is drawn. Note that the commutative solution {6 = 0) has no horizon. On the 
other hand, when the value of the noncommutativity parameter 6 reaches 0.057, the solution 
becomes an extremal black hole solution. When the value of 6 becomes larger than this 
value, for instance 6 = 0.2, it becomes a nonextremal black hole solution. When the starting 
commutative solution is a nonextremal black hole solution with Aj, = 0.08, the corresponding 
noncommutative solution for 6 = 0.2 is shown in Fig.O The effect of turning on 6 for already- 
black holes in commutative spacetime is shown. As the noncommutativity parameter 6 gets 
bigger, the area of the outer horizon increases while the separation between the inner and 
outer horizons grows. This effect is what we would expect when the mass of a nonextremal 
black hole increases in the commutative case. 

In order to see whether the singularities of the metric at zeros are coordinate artifacts 
or true physical singularities, the Kretschmann scalars -R^ypcri?^'"^'^ for the solutions having 
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Figure 4: The plot of the noncommutative Kretschmann scalar with Aj, = 0.1 and G.^ = 1.33. 



The dashed line is for the case of 9 
6 = 0.057, 0.2, respectively. 



0. The thin and thick solid lines are for the cases of 



one or two zeros in Fig. |2] are plotted in Fig. |H This shows that the Kretschmann invariant 
for the regions around these zeros behaves regularly. From this result we can say that the 
zeros are not genuine singularities, rather they correspond to the horizons of black holes. 

The increase in gravitational mass for different values of 6 by using the Hamiltonian 
formalism of [T^ is plotted in Fig. [51 The increase in gravitational mass for a given 6 is 
defined by 

where H denotes the Hamlitonian. The result shows that the gravitational mass increases 
as the noncomutativity parameter 6 increases. This linearity shown in Fig. |5] is due to our 
analysis which was performed up to first order in 6. The gravitational mass defined here 
depends only on the asymptotic geometrical quantities at spatial infinity. The metric is fully 
determined by the scalar field and its derivatives which are constant at spatial infinity. Since 
the coefficient of 6 is constant, it implies the linear dependence of mass on 6. 

Thus our result sums up as follows. The 'inward' behaviour of the global vortex in 
Fig. [1] results in higher peaks of the Kretschmann scalar near r = as in Fig. HJ These 
peaks correspond to gravitational energy concentrations. We may interpret this as the 
noncommutativity of space makes the scalar soliton have higher concentration near the center 
than in the commutative case. This concentrated scalar soliton behaves as the concentration 
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Figure 5: The plot of the gravitational mass increase vs 9 with A^, = 0.1 and Gy = 1.33. 

of gravitational energy to such an extent that a black hole can form. 

In the space of solutions, a solution with no singularity changes into a black hole solution 
as 6 increases. In other words, as one increases the value of the noncommutativity parameter, 
the spacetime starts to allow a black hole solution at a certain value of the noncommutativity 
parameter. This is not what we expected before. A 'phase change' in the solution space 
happens as the noncommutativity parameter changes. 

Comparing with the result obtained in [7] for noncommutative BTZ black hole, the role 
of the scalar field in the present work on forming a black hole is similar to that of the mag- 
netic flux B there. The shift of the locations of the horizons of the noncommutative black 
holes in that paper depends upon both 6 and the magnetic flux B at the origin. The shift of 
horizons obtained in this work depends on both 6 and the scalar field. Thus, one may infer 
that the global vortex around the origin takes over the role of the magnetic flux in [7j. 
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Appendix 



The coefficients appearing in the equations (TT5|) for F{r), G{r), $(r) are given as follows: 



ai(r 
02 (r 
asir 
04 (r 
a^ir 
aeir 

asir 

bi{r 

62 (r 

63 (r 

64 (r 

65 (r 
ci(r 
C2(r 
C3(r 
C4(r 
C5(r 
C6(r 



{n^ - Xv^r^)(f) + \r^(p-^ - rB{{l - rA')(f)' + r(f)") 



.'iUA' 



re 



2A 



{n^ - Xv^r^)(l) + Xr^cj)-" + rB{{l + rK)(^ + r0") 



2A^3 T31I 



e r 

-2e^\B{n^ - Xv\^ + SAr^^), 

2e'^\^B{B + rBA' + rB'), 

2e^\^B\ 

nBe^^ \{n^ + 2Xv^r^)(PA' - 2Xr^<P^A' - r\A'B'<f)' + B{A'^(P' + 0'A" + A'<f)")) 

- \r{B' - 2Ar) + 47rG^(2(n2 - At;^^)^^ + Ar^^^ + r\Xv^ - 2B<P'^)) 

-rB, 

-167iGNB(j){n^ - Xv^r^ + Ar^^), 



i7TGNnXrB(f){(f)^ - v^)(p 



r(2Ar + 2BA + B') - 47rGiv(2(n' - At;^^)^^ + Ar^^ + r'(At;' - 250'^)) 
-rfi, 

-re^\B' + 25(A' - 47rG,vr0")), 
-lQTiGNe^^Bcp{n^ - Xv^r^ + Ar^'), 
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